Abstract. This paper is devoted to the description of the evolution of states of quantum many-particle systems within the framework of a one-particle density operator, which enables to construct the kinetic equations in scaling limits in the presence of correlations of particle states at initial time, for instance, correlations characterizing the condensed states.
domain D(H n ) ⊂ H n :
where K(i) is the operator of a kinetic energy of the ith particle, Φ(i 1 , i 2 ) is the operator of a two-body interaction potential and ǫ > 0 is a scaling parameter. The operator K(i) acts on functions ψ n , that belong to the subspace L 2 0 (R 3n ) ⊂ D(H n ) ⊂ L 2 (R 3n ) of infinitely differentiable functions with compact supports according to the formula: K(i)ψ n = − 1 2 ∆ q i ψ n . Correspondingly we have: Φ(i 1 , i 2 )ψ n = Φ(q i 1 , q i 2 )ψ n , and we assume that the function Φ(q i 1 , q i 2 ) is translation-invariant bounded function which is symmetric with respect to permutations of arguments.
Let L 1 (H n ) be the space of trace class operators f n ≡ f n (1, . . . , n) ∈ L 1 (H n ) that satisfy the symmetry condition: f n (1, . . . , n) = f n (i 1 , . . . , i n ) for arbitrary (i 1 , . . . , i n ) ∈ (1, . . . , n), and equipped with the norm: f n L 1 (Hn) = Tr 1,...,n |f n (1, . . . , n)|, where Tr 1,...,n are partial traces over 1, . . . , n particles. We denote by L 1 0 (H n ) the everywhere dense set of finite sequences of degenerate operators with infinitely differentiable kernels with compact supports. Let L(H n ) be the space of bounded operators defined on the Hilbert space H n .
On the space L 1 (F H ) the one-parameter family of operators
is defined and it is an isometric strongly continuous group which preserves positivity and selfadjointness of operators. For f ∈ L 1 0 (H n ) there exists the infinitesimal generator of this group
where H n is Hamiltonian (1) and the operator:
Let us denote by {Y } the set consisting of one element Y ≡ (1, . . . , s). We define the (1 + n)th-order (n ≥ 0) cumulant of groups of operators (2) as follows
where {Y } is the set consisting of one element Y = (1, . . . , s), P is the sum over all possible partitions P of the set ({Y }, X \ Y ) = ({Y }, s + 1, . . . , s + n) into |P| nonempty mutually disjoint subsets X i ⊂ ({Y }, X \ Y ) and θ : ({Y }, X \ Y ) → X is the declasterization mapping. We will consider initial state which is given by the following sequence of marginal density operators
where the bounded operators g n ∈ L(H n ), n ≥ 2, are specified initial correlations. Such initial data is typical for the condensed states of quantum gases, for example, the equilibrium state of the Bose condensate satisfies the weakening of correlation condition with the correlations which characterize the condensed state [13] . We remark that nonequilibrium dynamics of correlations was constructed in [14] .
The evolution of all possible states is described by the sequence of marginal density operators F (t) = 1, F 1 (t, 1) , . . . , F s (t, 1, . . . , s), . . . governed by the initial-value problem of the quantum BBGKY hierarchy
where on
and max n≥2 g n L(Hn) < ∞, then for t ∈ R a nonperturbative solution of the Cauchy problem (5)- (6) is given by the expansion [15] 
where A 1+n (−t) is the (1 + n)th-order (n ≥ 0) cumulant (4) of groups of operators (2) and g 1+n ({Y }, X \Y ) is the correlation operator of clusters of particles [14] , in particular case n = 0 it has the form:
In the paper [15] it was proved that, if initial data is completely determined by a one-particle marginal density operator, i.e. g 1+n ≡ I, n ≥ 1, in initial data (6), then states given in terms of the sequence of marginal density operators (8) can be described within the framework of the sequence
We extend this statement to case of initial data (6) and construct the mean field (selfconsistent field) asymptotics of a solution of the Cauchy problem of the corresponding generalized quantum kinetic equation.
The generalized quantum kinetic equation in case of correlated initial state
We reformulate the Cauchy problem (5)- (6) as the new Cauchy problem for a one-particle density operator governed by the generalized quantum kinetic equation and the sequence of explicitly defined marginal functionals of the state F s t, Y | F 1 (t) , s ≥ 2, which are determined by the solution F 1 (t) of such Cauchy problem. With this aim we introduce the following kinetic cluster expansions of cumulants (4) of groups of operators (2)
where X \ Y ≡ (s + 1, . . . , s + n) and D s+n :Z= i X i is the sum over all possible dissections D s+n of the linearly ordered set Z ≡ (s + n − n 1 + 1, . . . , s + n) on no more than s + n − n 1 linearly ordered subsets. We give a few examples of recurrence relations (9)
where the operator A 1+n (t) is the (1 + n)th-order scattering cumulant
In terms of scattering cumulants (10) the solutions G 1+n (t, {Y }, X\Y ), n ≥ 0, of recurrence relations (9) are represented by the following expansions
. . .
where
is the sum over all possible dissections of the linearly ordered set Z j ≡ (s + n − n 1 − . . . − n j + 1, . . . , s + n − n 1 − . . . − n j−1 ) on no more than s + n − n 1 − . . . − n j linearly ordered subsets. For example,
As a result of the application of expansion (9) to solution (8) we establish that the one-particle density operator F 1 (t) is governed by the following generalized quantum kinetic equation
where the operator (−N int (1, 2)) is defined by formula (7), and the (1 + n)th-order generated evolution operators G 1+n (t), n ≥ 0, are determined by expansion (11) over scattering cumulants (10) . In equation (12) the collision integral series converges under the condition that [16] :
The global in time solution of initial-value problem (12)- (13) is determined by the following expansion
where A 1+n (−t) is the (1 + n)th-order cumulant (4) of groups of operators (2). The series (14) converges under the condition that [16] : F 0 1 L 1 (H) < e −10 (1 + e −9 ) −1 . Correspondingly having applied expansion (9) to solutions (8) in case of s ≥ 2, in terms of solution expansion (14) , they are represented as the following marginal functionals of the state
where the (1 + n)th-order generated evolution operator G 1+n (t) is determined by expansion (11) over scattering cumulants (10) . The series (15) converges under the condition that:
The constructed marginal functionals of the state (15) characterize the correlations of states of quantum many-particle systems.
We note that the average values of the nonadditive-type marginal observables are determined in terms of marginal functionals of the state (15) and in case of the additive-type marginal observables they are determined by solution (14) of the generalized quantum kinetic equation (12) .
Thus, in case of initial data (6) solution (8) of the Cauchy problem (5)- (6) of the quantum BBGKY hierarchy and a solution of the Cauchy problem of the generalized kinetic equation (12)- (13) together with marginal functionals of the state (15) give two equivalent approaches to the description of the evolution of quantum many-particle systems. The coefficients of generalized quantum kinetic equation (12) and generated evolution operators (11) of marginal functionals (15) are determined by the operators of initial correlations.
The mean field limit theorems
In case of initial state involving correlations for an asymptotic perturbation of generated evolution operator (11) in the mean field limit the following equality is valid
and in case of the first-order generated evolution operator (11) we have respectively
In view that under the condition that:
−1 , the series for ǫ F 1 (t) converges, then for t < t 0 the remainders of solution series (14) can be made arbitrary small for sufficient large n = n 0 independently of ǫ. Then, using stated above asymptotic perturbation formulas for each integer n every term of this series converges term by term to the limit operator f 1 (t) which is represented in the form of the following expansion
For bounded interaction potentials series (16) is norm convergent on the space L 1 (H) under the condition that:
Thus, if there exists the limit f 
, there exists the mean field limit of solution expansion (14) of the generalized quantum kinetic equation (12):
where the operator f 1 (t) is represented by series (16) and it is a solution of the Cauchy problem of the modified quantum Vlasov kinetic equation
Since a solution of initial-value problem (12)- (13) of the generalized kinetic equation converges to a solution of initial-value problem (18)-(19) of the modified quantum Vlasov kinetic equation as (17) , for marginal functionals of the state (15) we correspondingly establish
This equality means the propagation of initial correlations in time in the mean field limit.
On mean field quantum kinetic equations
Let us consider the pure states, i.e. the operator f 1 (t) = |ψ t ψ t | is a one-dimensional projector onto a unit vector |ψ t ∈ H and its kernel has the following form: f 1 (t, q, q ′ ) = ψ(t, q)ψ(t, q ′ ). Then, in case of initial data, satisfying a chaos property, it holds
and in this case statement (20) reads
where the function |ψ t ∈ H is a solution of the Cauchy problem of the nonlinear Hartree equation for initial data |ψ 0 . In particular, we remark that in case of a system of particles, interacting by the potential which kernel is the Dirac measure, it reduces to the cubic nonlinear Schrödinger equation
In case of correlated initial state (6) the sufficient equation for the description of the pure state evolution governed by modified quantum Vlasov kinetic equation (18) is the GrossPitaevskii-type kinetic equation
where the coupling ratio function b(t, q, q; q ′ , q ′′ ) is the kernel of the scattering length operator:
Observing that in the macroscopic scale of the variation of variables, groups of operators (2) of finitely many particles depend on microscopic time variable ε −1 t, where ε ≥ 0 is a scale parameter, the dimensionless marginal functionals of the state are represented in the form: F s ε −1 t | F 1 (t) . As a result of the limit processing ε → 0 we establish the Markovian kinetic evolution (21) with the corresponding coefficient b(ε −1 t).
Conclusion
We generalized the concept of quantum kinetic equations for the kinetic evolution involving correlations of particle states at initial time [12] , for instance, correlations characterizing the condensed states [13] . The mean field scaling asymptotics of a solution of the generalized quantum kinetic equation of many-particle systems in condensed states was analyzed. These results can be extended to quantum systems of bosons or fermions [14] . It should be emphasized that the kinetic evolution is an inherent property of infinite-particle systems. In spite of the fact that in terms of a one-particle marginal density operator from the space of trace-class operators can be described a system with the finite average number of particles, the generalized quantum kinetic equation has been derived on the basis of the formalism of nonequilibrium grand canonical ensemble since its framework is adopted to the description of infinite-particle systems in suitable Banach spaces as well.
